
 

  

I.  INTRODUCTION 
 

 Electrostatic precipitators (ESPs) erected along the 

chimney of diesel engines suffer from particle re-

entrainment as this reflects itself on low efficiency of 

particle collection. 

 A DC energized ESP for treating the exhaust of a 

1.7 kW diesel engine showed low efficiency due to 

particle re-entrainment. The worst efficiency 

reached -1200% for large particle size. Negative 

efficiency means that the outlet exhaust has a larger 

particulate mass than that of the inlet one. Particle size in 

the range of 300-1000 nm was excellent as regard to the 

efficiency (about 100% with no re-entrainment and no 

negative efficiency) [1]. 

 A two-stage ESP was proposed [2] to treat the diesel 

engine exhaust. The precharge stage is aimed to charge 

the particles in a wire-plate geometry stressed positively. 

The collecting stage is aimed at collecting the particles in 

parallel-plate configuration. The collection efficiency for 

particles' diameter larger than 1 µm decreases with 

increasing the operating time until it reaches a constant 

value. The collection efficiency for particles' diameter 

larger than 2 µm is negative. The reason for this is 

attributed to the re-entrainment from collecting plate 

where collected particles are growing to larger ones, i.e.; 

agglomeration at the collecting plate. The larger the 

diameter of the particle the larger is the time for 

agglomeration to take place and the slower the collection 

efficiency to reach a constant value. This study is the 

only one to report also re-entrainment for particles less 

than 0.5 µm. This may be attributed to charging and 

collection of particles take place separately in different 

sections of the ESP [2]. 

 In this paper, particle re-entrainment is investigated 

in a wire-duct ESP. This calls for assessment of the 

forces acting on a particle positioned in the precipitator 

nearby the collecting plate. These include Van Der Waals, 

Johnsen Rahbek and repulsion forces. Van Der Waals 

and Johnsen Rahbek forces are directed toward the 

collecting plate and repulsion force is directed opposite 

toward the discharge wire. Re-entrainment takes place 

when the repulsion force exceeds the resultant of both 

forces; Van Der Waal and Johnsen Rahbek. The 

repulsion force depends on the electric field and the 

others depend on the relative position of the particle with 

respect to the collecting plate and the discharge electrode. 

This calls for calculating the electric field where the 

particle is positioned in the vicinity of the collecting plate 

using the charge simulation technique. As the exhaust 

gases of diesel engine carry carbon particles, the electric 

field is calculated and hence the re-entrainment is 

assessed for both metal and dielectric particles with 

different values of particle radius and dielectric constant. 

 

 

II.  METHOD OF ANALYSIS 

 

A.  Charge Simulation Technique 

 

A.1  Selection of Simulation Charges 

 

 In a wire-duct ESP stressed by voltage V, the wire has 

radius rw and spacing H from the collecting plates as 

shown in Fig. 1. The surface charge on the discharge 

wire is simulated by N infinite line charges extending 

along the y-axis with x-z is the page plane. The charges 
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are distributed equally around a cylinder with a radius 

f1.rw where f1 is a fraction. The x- and z-coordinates of 

the jth line charge, j = 1, 2, … N are expressed as: 

 

               𝑥𝑐(𝑗) = 𝑓1 ∙ 𝑟𝑤 ∙ sin⁡(𝑗 ∗ ⁡𝛥𝜃)                  (1-a) 

              𝑧𝑐(𝑗) = 𝐻 + 𝑟𝑤 + 𝑓1cos⁡(𝑗 ∗ ⁡𝛥𝜃)               (1-b) 

 

where the angle Δθ (= 
2𝜋

𝑁
) is as shown in Fig. 1. 

 

A.1.1  Dielectric Particle 

 

 A dielectric particle of radius rp and relative 

permittivity εr is positioned at height Zo from the 

collecting plate. εr depends on the particle type. In case of 

dielectric particle, the particle is simulated by two sets of 

n ring charges, one inside and the other outside the 

particle [3, 4]. The inner charges are of radius β1. rp sin γ 

where β1 is a fraction. The outer charges are of radius 

β2.rp sin γ, where β2 is greater than 1. The angle γ is 

decided by the coordinates of the boundary point. The 

inner and outer ring charges are positioned at different z-

levels as shown in Fig. 1. Thus, the number of charges 

simulating the wire and the dielectric particle is N + 2n. 

 Images of the simulation charges of the discharge 

wire and the particle with respect to the grounded 

collecting plates are considered. 

 

A.1.2  Metal Particle 

 

 In case of metal particle, the particle is simulated [3, 

4] by a set of n point charges positioned inside it and 

distributed around the z-axis at varying z-level i.e.; over a 

zigzag path with a spacing β3. rp from the particle center, 

where β3 is a fraction. Thus, the total number of charges 

simulating the wire and the metal particle is N + n. 

 Images of the simulation charges of the discharge 

wire and the particle with respect to the grounded 

collecting plates are considered. 

 

A.2  Boundary Point 

 

 To assess the values of the wire simulation charges, a 

set of N boundary points on the wire surface is selected.  

 The x- and z- coordinates of boundary points on the 

wire surface are expressed as: 

 

                             𝑥𝑏(𝑖) = 𝑟𝑤 ∙ sin(𝑖 ∗ 𝛥𝜃)                 (2-a) 

             𝑧𝑏(𝑖) = 𝐻 + 𝑟𝑤 + 𝑟𝑤𝑖𝑟𝑒 ∙ cos(𝑖 ∗ 𝛥𝜃)           (2-b) 

 

where xb (i) and zb (i) are x- and z- coordinates of the ith 

boundary point on the wire surface; i = 1, 2, … N.  

 Each boundary point on the wire corresponds to a 

simulation line charge having the same radial direction 

from the wire axis as shown in Fig. 1. 

 To assess the values of charges simulating the 

particles, n boundary points are selected on the particle 

surface. 

 In case of dielectric particle, each boundary point on 

the particle surface corresponds to two simulation ring 

charges; one inside and other outside the particle. The 

boundary points on the dielectric particle are selected at 

the same z-level as that of the inner and outer ring 

charges, as shown in Fig. 2. 

  In case of metal particle, each boundary point 

corresponds to one simulation point charge. The 

boundary points on the metal particle are selected in the 

same radial direction from the particle center. 

 

A.3  Boundary Conditions 

 

A.3.1  Dielectric Particle 

 

i) At the wire surface, one boundary condition is 

satisfied at each boundary point. The calculated 

potential due to the simulation wire charges, the 

inner simulation ring charges of the particle and 

their images are equal to the applied voltage V, 

which is the Dirichlet boundary condition. At the ith 

boundary point on the wire, the Dirichlet condition 

is satisfied as: 

 
 

Fig. 1.  Discharge wire of the ESP extending along the y-axis. 

 
 

Fig. 2.  Outer and inner simulation ring charges of a dielectric particle. 
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∑𝑃(𝑖, 𝑗) ∙ 𝑞(𝑗)

𝑁

𝑗=1

+ ∑ 𝑃(𝑖, 𝑗) ∙ 𝑞(𝑗)

𝑁+𝑛

𝑗=𝑁+1

= 𝑉, 

𝑗 = 1,2, …𝑁 + 𝑛                           (3-a) 

 

where P (i, j) is the potential coefficient at ith 

boundary point due to jth charge and q(j) is the jth 

simulation charge of both the wire and the particle 

from inside. 

ii) At the surface of the dielectric particle, two 

boundary conditions are satisfied at each boundary 

point: 

 

i. The calculated potential is the same at the boundary 

point on the particle surface whatever the point is 

seen from the air outside the particle or from the 

dielectric inside the particle, and 

ii. The continuity of the normal component of the 

electric flux in air and dielectric at any boundary 

point on the particle surface is to be maintained. 

This is Neuman boundary condition. The electric 

field at the particle surface when seen from the air 

side is equal to those calculated due to the 

simulation charges of the wire, the inner ring 

charges of the particle and their images. On the 

other hand, when the point is seen from the 

dielectric side, the calculation of electric field is due 

to the simulation charges of the wire, the outer ring 

charges of the particle and their images. 

At the ith boundary point on the particle surface, the 

potential equality and the Neuman condition are 

satisfied: 

 

                         

∑ 𝑃(𝑖, 𝑗). 𝑞(𝑗)𝑁+𝑛
𝑗=𝑁+1 = ∑ 𝑃(𝑖, 𝑗). 𝑞(𝑗)𝑁+2𝑛

𝑗=𝑁+𝑛+1            (3-b) 

𝜖𝑟(∑ 𝐸𝑛(𝑖, 𝑗)
𝑁+2𝑛
𝑗=𝑁+𝑛+1 + ∑ 𝐸𝑛(𝑖, 𝑗)

𝑁
𝑗=1 ) =

⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡(∑ 𝐸𝑛(𝑖, 𝑗)
𝑁+𝑛
𝑗=𝑁+1 + ∑ 𝐸𝑛(𝑖, 𝑗)

𝑁
𝑗=1 )⁡   (3-c) 

 

where En (i, j) is the normal field coefficients at ith 

boundary point due to jth charge. These coefficients 

are expressed in Appendix. 

 

A.3.2  Metal particle 

 

At the wire and particle surfaces, one boundary 

condition is satisfied at each boundary point. The 

calculated potential due to the simulation wire charges, 

the inner simulation point charges of the particle and 

their images is equal to the applied voltage V, which is 

the Dirichlit boundary condition. 

The particle will pick up an induced voltage which 

depends on its relative location with respect to the 

discharge wire. To access this induced potential, 

additional boundary condition is requested. Such 

boundary condition is expressed as the sum of the point 

charges simulating the particle is equal to zero [5]. 

 

 

A.4  Determination of Simulation Charges Values 

 

  Satisfaction of the above mentioned boundary 

condition at the boundary points selected at the wire and 

particle surfaces results in a set of equations whose 

simultaneous solution determines the unknown 

simulation line, ring or point charges. 

  To check the accuracy of the charge simulation 

procedure in satisfying the above-mentioned boundary 

conditions on the wire and particle surfaces, a set of N 

check points are chosen on the wire surface and another 

set of n check points are chosen on the particle surface. 

The check points are chosen midway between the 

boundary points. Satisfaction of the boundary condition 

on the check points is considered a measure of the 

accuracy of the simulation technique. The number of 

simulation charges N and n as well as the factors f1, β1, β2 

and β3 are changed until satisfactory simulation accuracy 

is achieved. 

 

B.  Forces Acting on the Particle 

 

 When a particle is positioned between the discharge 

wire and the grounding collecting plate, it will be 

affected by the three forces [6] expressed as follows: 

1. Van Der Waal's force 𝐹𝑣; which depends mainly on 

Hamaker constant Hc, the particle radius rp and the 

particle distance from the collecting plate Zo. This 

force is expressed as: 

 

𝐹𝑣 =
2𝐻𝑐𝑟𝑝

12𝑍𝑜
2                                (4) 

 

2. Jonshon Rahbek force 𝐹𝑗; which depends mainly on 

the particle radius rp and the particle distance from 

the plate Zo. This force is expressed as:  

                        𝐹𝑗 = 𝑍𝑜

3

2⁡. 𝑛𝑧                         (5-a) 

                 𝑛𝑧 = √
16𝑟𝑝

9𝜋2(𝑘1+𝑘2)
2                     (5-b) 

                        𝑘1 =
1−𝜈1

2

𝜋𝑘𝑦
                            (5-c) 

  ⁡⁡⁡⁡𝑘2 =
1−𝜈2

2

𝜋𝑘𝑦
                            (5-d) 

 

where ν1and ν2 are Poisson ratio of particle and 𝑘𝑦 

is Young's modulus of particle. 

3. Repulsion force 𝐹1 ; which depends mainly on the 

particle radius rp and the electric field. This force is 

expressed as: 

      ⁡𝐹1 = 0.832
2𝜋3

3
𝜖𝑜𝜖𝑟𝑟𝑝

2𝐸𝑛
2                  (6)  
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III.  RESULTS AND DISCUSSION 

 

The ESP discharge wire has 1 mm radius and is 

positioned at spacing H of 1 cm from the grounded 

collecting plates. The particle is positioned at height Zo in 

the range 0.2-0.6 nm from the grounded collecting plate. 

The particle is assumed spherical in shape with rp varying 

in the range 0.1-2 µm in case of dielectric particles and in 

the range 0.1-5 µm in case of metal particles. The 

exhaust of diesel engine is loaded by carbon particles 

with relative permittivity varying in the range 2.6-18.8 [7, 

8]. The value of the Poisson ratio ν1 and ν2 of the carbon 

are equal to 0.206. The value of the Young's modulus ky 

of carbon is 1.565×10
10

 [9]. Number of wire simulation 

charges N is 45 for dielectric particles against 20 charges 

for metal particle. Number of particle charges n is 7 

charges for the inner and outer charges for dielectric 

particles against 30 charges for metal particles. The 

fractions f1, β1, β2 and β3 values are 0.5, 0.5, 1.5 and 0.5, 

respectively. This results in satisfactory accuracy of the 

charge simulation method where the boundary conditions 

are satisfied with an error not exceeding 1×10
-7

 %. 

 

A.  Electric Field Distribution 

 

 Fig. 3 (a) and (b) show the distribution of the electric 

field along the distance between the particle and the 

discharge wire as influenced by the distance Zo at 

V = 22.5 kV. The figures show that the distribution of the 

electric field is not influenced by the distance Zo for both 

metal and dielectric particles. This is because the distance 

between the particle and the discharge wire is much 

larger than Zo. For  metal  particle,  the  electric  field  is  

high at  the surface and decreases gradually in the 

dierction away from the particle, Fig. 3 (a). Then, the 

field starts to increase again in the dierection toward the 

discharge wire. This is in conformty to the fact that the 

field is inversly propotional to the curvature radius of the 

wire. 

 Fig. 4 (a) and (b) show the distribution of the electric 

field along the spacing between the particle and the 

grounded collecting plate as influenced by the distance Zo. 

  
Fig. 3.  Electric field distribution along the distance between the particle and the discharge wire as influenced by Zo  

for (a) metal and (b) dielectric particles. 
 

   
Fig. 4.  Electric field distribution along the distance between the particle and the grounded plate as influenced by the distance Zo  

for (a) metal and (b) dielectric particles. 
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The figures show that the electric field decreases with the 

increase of Zo for both metal and dielelctric particles. As 

the distance Zo is very small, the electric field between 

the particle and the collecting plate is almost uniform as 

shown in Fig. 4 and Table I. The electric field values are 

larger for the metal particle when compared with those of 

the dielectric particle of the same radius rp. 

 

B.  Forces Acting on Particle in Vicinity of Collecting 

Plates 

  

 On stressing the discharge wire by 22.5 kV, the 

particle is exposed to three forces; Van Der Waals, 

Johnsen Rahbek and repulsion forces. Changing the 

relative permittivity ϵr affects the repulsion force as 

expressed in Eq. (6). Fig. 5 (a) and (b) show how the 

forces Fv+Fj and F1 are influenced by particle radius rp 

and the relative permittivity εr in case of metal and 

dielectric particles. The figures show that the particle 

radius at which the re-entrainment takes place decreases 

with the increase of the relative permittivity for both 

metal and dielectric particle. 

 Re-entrainment takes place at particle radius of 

values 4.8, 1.8 and 1.2 µm corresponding to respective εr 

values of 2.6, 9 and 18.8 for metal particle. Also, re-

entrainment takes place at particle radius of 1.8 and 0.09 

µm corresponding to respective εr values of 2.6 and 18.8 

for dielectric particles. 

 As stated in Eqs. (4) and (5-a), the Van Der Waal Fv 

and Johnsen Rahbek Fj forces are affected by the relative 

position of the particle with respect to the collecting plat 

as determined by the distance Zo in Fig. 2. Fig. 6 (a) and 

(b) show that the particle radius at which the re-

entrainment takes place is influenced by the distance Zo 

TABLE I 

ELECTRIC FIELD VALUES ALONG THE DISTANCE Zo IN CASE OF METAL PARTICLE FOR RELATIVE POSITION Zo OF 0.2 MM 

 
Zo 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 

Field (×109 N/m) 3.412065 3.4120709 3.4120807 3.4120945 3.4121121 3.4121337 3.412159 3.4121887 

 

   
Fig. 5.  Forces Fv+Fj and F1 acting on the particle radius as influenced by the relative permittivity εr 

for (a) metal and (b) dielectric particles. epslon_r =εr. 
 

   
Fig. 6.  Forces Fv+Fj and F1 acting on the particle radius as influenced by the distance 

for (a) metal and (b) dielectric particles of εr = 2.6. 
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in case of metal and dielectric particles. The figures show 

that the particle radius at which the re-entrainment takes 

place increases with the increase of Zo for both metal and 

dielectric particles. Re-entrainment takes place at particle 

radius values 4.5, 4.8 and 6.9 µm corresponding to 

respective Zo values of 0.3, 0.4 and 0.6 nm for metal 

particles. Also, re-entrainment takes place at particle 

radius values of 1.6, 1.8 and 2.4 µm corresponding to 

respective Zo values of 0.2, 0.4 and 0.6 nm for dielectric 

particles. 

 In the all previous cases, it is noted that the particle 

radius at which the re-entrainment takes place in case of 

dielectric particle is always smaller than that of metal one. 

Also, it is noted that the re-entrainment takes place in 

case of dielectric particle at particles radius greater than 

1 µm in agreement with previous findings [1]. 

 

 

IV.  CONCLUSION 

 

1) Among the forces acting on a particle nearby the 

collecting plate of an ESP is the repulsion force. 

This force depends on the electric field value, which 

is estimated using the charge simulation method. 

2) Re-entrainment takes place when the repulsion 

force exceeds the resultant of both the Van Der 

Waal and Johnsen Rahbek forces. 

3) Re-entrainment takes place for dielectric particles at 

particle radius greater than 1 µm in agreement with 

previous findings.  

4) Particle radius values at re-entrainment for 

dielectric particles are smaller than those for metal 

ones. 
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APPENDIX 

 

Calculation of normal component of the electrical field 

 

 The electric field at a boundary point due to the 

simulation charges has three components; Ex-, Ey- and Ez-

components. Based on these components, the normal 

component of the electric field En is determined. 

 

A.  Cartesian Components of Electrical Field 

 

 The expressions determining the electric field 

components depend on the type of the simulation charge. 

 

A.1  Point Charge 

 

The electric field components are expressed at 

boundary point whose coordinates (xb, yb, zb) due to the 

jth point charge at (xc(j), ycj(j), zc(j)) as [3]: 

 

𝐸𝑥 =⁡⁡⁡⁡⁡⁡⁡⁡⁡ ∑ [
(𝑥𝑏−𝑥𝑐(𝑗))

(√(𝑥𝑏−𝑥𝑐(𝑗))
2+(𝑦𝑏−𝑦𝑐(𝑗))²+(𝑧𝑏−𝑧𝑐(𝑗))

2)³
−𝑁

𝑗=1

⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡
(𝑥𝑏−𝑥𝑐(𝑗))

(√(𝑥𝑏−𝑥𝑐(𝑗))
2+(𝑦𝑏+𝑦𝑐(𝑗))²+(𝑧𝑏−𝑧𝑐(𝑗))

2)³
]⁡ .

𝑄(𝑗)

4𝜋𝜀ₒ
  

                                                                            

(7-a)                                             

𝐸𝑦 =⁡⁡⁡⁡⁡⁡⁡⁡⁡ ∑ [
(𝑦𝑏−𝑦𝑐(𝑗))

(√(𝑥𝑏−𝑥𝑐(𝑗))
2+(𝑦𝑏−𝑦𝑐(𝑗))²+(𝑧𝑏−𝑧𝑐(𝑗))

2)³
−𝑁

𝑗=1

⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡
(𝑦𝑏+𝑦𝑐(𝑗))

(√(𝑥𝑏−𝑥𝑐(𝑗))
2+(𝑦𝑏+𝑦𝑐(𝑗))²+(𝑧𝑏−𝑧𝑐(𝑗))

2)³
]⁡ .

𝑄(𝑗)

4𝜋𝜀ₒ
                      

( 

(7-b) 

𝐸𝑧 =⁡⁡⁡⁡⁡⁡⁡⁡⁡ ∑ [
(𝑧𝑏−𝑧𝑐(𝑗))

(√(𝑥𝑏−𝑥𝑐(𝑗))
2+(𝑦𝑏−𝑦𝑐(𝑗))²+(𝑧𝑏−𝑧𝑐(𝑗))

2)³
−𝑁

𝑗=1

⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡
(𝑧𝑏+𝑧𝑐(𝑗))

(√(𝑥𝑏−𝑥𝑐(𝑗))
2+(𝑦𝑏+𝑦𝑐(𝑗))²+(𝑧𝑏−𝑧𝑐(𝑗))

2)³
]⁡ .

𝑄(𝑗)

4𝜋𝜀ₒ
                      

(⁡                                                                                                                          
(                                                                                      

  (7-c) 

 

 The total electric field is expressed as: 

 

⁡⁡𝐸𝑡 =⁡√(𝐸𝑥² + 𝐸𝑦² + 𝐸𝑧²)⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡        (7-d) 

 

A.2  Infinite Line Charge 

 

 The electric field components are expressed at 

boundary point whose coordinates (xb, 0, zb) due to the 

jth infinite line charge at (xj(j), 0,  zj(j))  as [3]: 
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𝐸𝑥 =

⁡⁡⁡∑ [
(𝑥𝑏−𝑥𝑐(𝑗))

((𝑥𝑏−𝑥𝑐(𝑗))
2+(𝑧𝑏−𝑧𝑐(𝑗))

2)³
−𝑁

𝑗=1

⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡
(𝑥𝑏−𝑥𝑐(𝑗))

((𝑥𝑏−𝑥𝑐(𝑗))
2+(𝑧𝑏+𝑧𝑐(𝑗))

2)³
]⁡ .

𝜆(𝑗)

4𝜋𝜀ₒ
                           

(                                                                                 

(8-a) 

 

𝐸𝑦 = 0                                                                        (8-b) 

 

𝐸𝑧 =

⁡⁡⁡⁡∑ [
(𝑧𝑏−𝑧𝑐(𝑗))

((𝑥𝑏−𝑥𝑐(𝑗))
2+(𝑧𝑏−𝑧𝑐(𝑗))

2)³
−𝑁

𝑗=1

⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡
(𝑧𝑏−𝑧𝑐(𝑗))

((𝑥𝑏−𝑥𝑐(𝑗))
2+(𝑧𝑏+𝑧𝑐(𝑗))

2)³
]⁡ .

𝜆(𝑗)

4𝜋𝜀ₒ
       

                

(                                                                                (8-c) 

The total electric field is expressed as: 

 

⁡𝐸𝑡 =⁡√(𝐸𝑥² + 𝐸𝑧²)⁡             (8-d) 

 

 

A.3  Ring Charge 

 

 The radial component of the electric field is 

expressed at boundary point whose cylindrical 

coordinates (rb, zb) due to a ring charge of radius rc at z = 

zc as [3]: 

 

𝐸𝑟 =⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡
−𝑄

4𝜋ɛ𝑜
.
1

𝜋𝑟
[(

(𝑟𝑐
2−𝑟𝑏

2+(𝑧𝑏−𝑧𝑐)
2).𝐸(𝑘1)−𝛽1

2.𝐾(𝑘1)

𝛼1𝛽1
2 ) −

⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡(
(𝑟𝑐

2−𝑟𝑏
2+(𝑧𝑏+𝑧𝑐)

2).𝐸(𝑘2)−𝛽2
2.𝐾(𝑘2)

𝛼2𝛽2
2 )]                                                                                            

(                                                                            

 (9-a) 

 

As shown in Fig. 7, the angle λ is the angle between 

the radial direction from the ring center and the x-axis in 

the z-plane of the ring. 

 Based on the angle λ, the Ex- and Ey-components of 

the electric field are expressed as: 

 

𝐸𝑥 = 𝐸𝑟 cos 𝜆                             (9-b) 

𝐸𝑦 = ⁡𝐸𝑟 sin 𝜆                             (9-c) 

 

 The z-component of the electric field is expressed 

at boundary point whose cylindrical components (rb, 

zb) due to a ring charge of radius rc at z = zc as: 

 

𝐸𝑧 =⁡
−𝑄

4𝜋ɛ𝑜
.
2

𝜋
. [
(𝑧𝑏−𝑧𝑐)𝐸(𝑘1)

𝛼1𝛽1
2 +

(𝑧𝑏+𝑧𝑐)𝐸(𝑘2)

𝛼2𝛽2
2 ]     (9-d) 

 
where: 

 

𝛼1 = √(𝑥𝑏 + 𝑥𝑐)
2 + (𝑧𝑏 − 𝑧𝑐)

2  

𝛼2 = √(𝑥𝑏 + 𝑥𝑐)
2 + (𝑧𝑏 + 𝑧𝑐)

2 

𝛽1 = √(𝑥𝑏 − 𝑥𝑐)
2 + (𝑧𝑏 − 𝑧𝑐)

2     

𝛽2 = √(𝑥𝑏 − 𝑥𝑐)
2 + (𝑧𝑏 + 𝑧𝑐)

2 

                   𝑘1 =
2√𝑥𝑐𝑥𝑏

𝛼1
            

                   𝑘2 =
2√𝑥𝑐𝑥𝑏

𝛼2
 

 

 

 

 
 

B.  Normal Component of Electric Field 

 

 The normal component of the electric field at a 

boundary point on the particle surface is calculated using 

the electric field components after being decomposed 

along the radial direction from the particle center as 

defined by the angle δ shown in Fig. 8. The angle δ 

determines the direction of the normal field component 

measured from the horizontal x-axis. Therefore, the angle 

δ is decided by the coordinates of the boundary point.  

 

 

 
 

Fig. 7.  Components Ex, Ey and Er of the electric field due to a ring 

charge. 

 
 

Fig. 8.  Components Ex, Ez and En of the electric field at the particle 

surface. 
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