
 

  
I.  INTRODUCTION 

 

 Ramos et al. as the first studied the effects of a low 
amplitude AC electric field imposed on co-planar 
electrodes in a microchannel filled by an aqueous 
electrolyte [1]. They observed electrokinetic transport of 
a new kind above the source microelectrodes for low 
frequencies. Ajdari proposed a design of the AC 
electrokinetic micropumps based on arrays of 
asymmetric pairs of co-planar microelectrodes [2]. It was 
expected that the asymmetry of electric field will lead to 
a net flow of the electrolyte. His predictions were 
verified by several experimental and theoretical works, 
e.g., [3-7]. In general, the authors considered 
microelectrodes with the characteristic dimension from 
micrometers to tens of micrometers. The observed 
velocity of the net flow typically attained few hundreds 
of microns per second. 
 We can recognize at least three different types of the 
AC electroosmotic micropumps according to the 
microelectrode arrangement: (i) the micropumps with 
asymmetric co-planar electrodes, (ii) the micropumps 
with 3D or non-planar electrodes, and (iii) the traveling-
wave electroosmotic micropumps. 
 Bazant et al. theoretically predicted that the non-
planar design will increase the electrolyte net velocity up 
to mm s-1 [8, 9]. Their theory arises from the fact that the 
counter-rotating regions of fluid observed above the 
electrode arrays inhibit the net flow. Hence, the authors 
suggested using non-planar pumps with asymmetric 
raised steps. In such arrangement, the electrolyte flows in 

a manner of “fluid conveyor belt” above the non-planar 
electrodes and the counter-rotating eddies are burrowed 
among the electrodes. It has been experimentally verified 
that the net velocity can be increased at least by one 
order of magnitude with respect to the pure co-planar 
arrangement [10, 11]. 
 The net flow velocity in the AC micropump systems 
strongly depends on many parameters, e.g. [7, 11-13]: (i) 
the electric field parameters (amplitude, frequency, phase 
shift), (ii) the concentration and the composition of the 
used electrolyte, and (iii) geometric properties of the 
microfluidic system. 
 Mathematical models of AC electroosmosis have 
been developed. The computation domain is usually 
divided into the capacitor domains (vicinities of the 
polarized surfaces, i.e., the electric double layers – 
EDLs) and the resistor domain (electrolyte bulk). Then, 
boundary conditions for electric potential on the 
capacitor-resistor interfaces can be derived. However, 
these boundary conditions are valid only when a low 
voltage ( amplitude < 25 mV) is applied on the 
microelectrodes, i.e., the linearization of the Poisson-
Boltzmann equation is justified [13]. Further, the 
Boltzmann distribution is valid only for systems in the 
thermodynamic equilibrium. The AC electroosmotic 
systems are rarely close to the equilibrium because of the 
intensive convection transport at the electrode surfaces. 
Besides of the mathematical models relying on the 
capacitor-resistor slip approximation [14-16], the non-
linearized Poisson-Boltzmann models [17, 18] and the 
non-equilibrium models [19-21] have been developed. 
The Poisson-Boltzmann approach allows analyzing the 
model equation for voltages above the linearization limit. 
The non-equilibrium models describe the distribution of 
electric potential with the use of the Poisson equation and 
zero (non-slip) velocity at the microelectrodes surfaces. 
The models based on the Poisson equation should 
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satisfactorily describe the behavior of the AC 
electroosmotic systems with non-equilibrated dynamical 
EDLs even if a higher voltage is applied. 
 
 

II.  NON-EQUILIBRIUM MATHEMATICAL MODEL 

 
 In this study, we consider a long microfluidic 

channel that contains a set of non-planar microelectrodes 
deposited on one wall. A two-electrode spatial motif 
periodically repeats along the channel, Fig. 1. So we can 
investigate behavior of the electroosmotic micropump in 
this single segment if we use periodic boundary 
conditions applied on the left and the right boundaries of 
the system. It is assumed that the width of the segment is 
much larger than both the segment length L and the 
segment height H. It means that the system is effectively 
two dimensional (coordinates x-y). The top boundary is 
considered to be a solid electric insulator.  

 The electric potential field  satisfies the Poisson 
equation 

 
   ccFqq,2 , (1)

 
where c+ and c- are concentration of the cation and the 
anion, respectively, of a symmetric uni-univalent 
electrolyte that fills the microchannel. The symbols , q, 
and F represent the electrolyte permittivity, the electric 
charge density and the Faraday constant. 

In order to evaluate the distribution of electric charge, 
two molar balances have to be solved 
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where t, u, D, R, and T are time, the velocity vector, the 
ion diffusivity, the molar gas constant and the absolute 
temperature, respectively. 

 The velocity and pressure fields in the electrolyte are 

described by the Navier-Stokes equation and the 
continuity equation for an incompressible newtonian 
fluid 
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 The “steady” part of the inertial term is neglected in 
the Navier-Stokes equation due to a very low Reynolds 
number in microfluidic devices. The symbols , , and p 
denote the electrolyte density, the electrolyte viscosity 
and pressure, respectively. 
 Non-slip boundary conditions are considered on all 
the solid boundaries u = 0. The non-electrode solid 
boundaries are electric insulators 0 n . All solid 

boundaries are impermeable for mass. 
 AC electric field is imposed between the electrodes 
 

  0,2sin  RL ftA  , (5)
 
where L, R, A, and f are the electric potentials imposed 
on the left and the right electrodes, the amplitude and the 
frequency of the AC electric field, respectively. 

 We used the following set of the model parameters: 
D = 210-9 m2s-1, R = 8.314 J mol-1K-1, F = 96485 
C mol-1, T = 310 K,  = 0.6919 mPa s,  = 993.3 kg m-3, 
 = 7.20610-10 F m-1, A = 1.5 V, the bulk concentration 
of the electrolyte c0 = 310-3 mol m-3. 

 Numerical analysis of the model equations was 
carried out in Comsol Multiphysics system. Transient 
simulations from the homogeneous steady state to stable 
periodic regimes are accomplished in the first step. The 
obtained stable periodic solutions were then analyzed to 
get the time averaged net velocity 

netu , the current-

voltage phase shift , the time-averaged horizontal 
component of the coulomb force integrated over the 
segment 

xF  etc. 

 

 
Fig. 1.  Schematic configuration of a single segment of the 

electroosmotic micropump, L = 50 m, H = 80 m, LE = 20 m, g = 
5 m. Dimensions of the system were adopted from [10, 11] in order 
to compare the results of the non-equilibrium model with predictions 

of equilibrium models and reported experiments. 

 
Fig. 2.  Dependence of the time-averaged net velocity on the 

frequency of the AC electric field. 
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III.  RESULTS AND DISCUSSION 

 
 Frequency dependencies of selected characteristics 
of the AC electroosmotic pump are shown in this short 
study. We consider the electroosmotic system with two 
different electrode step heights: h = 5 m and h = 1 m. 

The net velocity maxima are located close the 
frequencies that corresponds to the reciprocal charging 
time c of this resistor-capacitor system (the electrolyte 
bulk – electric double layers at the electrodes), 1 cf  , 

for which DL Dc   , where D is the Debye length, 

Fig. 2. The time averaged net velocity can attain almost 1 
mm s-1, which is a substantially bigger value than those 
measured for co-planar systems. The velocity 
dependence for h = 5 m has not a single peak character. 
It looks more like two merged peaks. Two peak 
frequency characteristics were experimentally observed 
in [10]. The presence of the two-peak pattern probably 
results from the fact that there is more than one 
geometric length scale in this non-planar arrangement. 
One geometric scale is typically represented by the 
segment length L, another scale should be proportional to 
the electrode step height. Two different geometric scales 
necessarily lead to two different charging times and thus 
to the two peak frequency characteristics. 

The computed current-voltage phase shifts for the 
both step heights were very similar. Hence, only one 
curve is plotted in Fig. 3. We can see that the phase shift 
 is close to the zero value for high frequencies. In such 
regimes, a negligible amount of electric charge is formed 
at the electrode surfaces and the electroosmotic pump 
behaves like a pure resistor. If the frequency decreases, 
the phase shift gradually decreases to about -30 degrees. 
The highest net velocities are observed just in the region 
of the steepest change of the phase shift. We assume that 
the phase shift for low velocities should be close to -90 
degrees (the system behaves as a pure capacitor), i.e. the 
applied electric field induces a complete electrode 
polarization. The discrepancy between this assumption 
and the observed value -30 degrees is probably given 

either by a larger frequency extent of the system or by 
the existence of the complex non-planar geometry. 

The dependencies of the time-averaged horizontal 
Coulomb force integrated over the entire segment are 
plotted in Fig. 4. The maxima of these dependencies are 
shifted to lower frequencies if compared with the 
maxima in Fig. 2. The horizontal Coulomb force at any 
point of the system is given by the product of the 
horizontal electric field strength and the electric charge 
density. If a low frequency is applied, the electrodes are 
fully polarized and the electric field strength is zero 
farther from the electrodes. The horizontal Coulomb 
force is quite high but localized mostly at the electrode 
edges. In this “capacitor” regime, the horizontal electric 
forces at adjacent electrode edges are fully compensated, 
which leads to a negligible net velocity. Further, no 
electric charge is formed in high frequency regimes and 
thus very low velocities and forces are observed. One can 
see that the horizontal Coulomb force is higher for the 
electroosmotic micropump with the electrode step height 
h = 5 m. This fact probably corresponds to the increase 
of the electrode surface, which induces formation of an 
increasing amount of electric charge. 

 
Fig. 3.  Dependence of the current-voltage phase shift on the 

frequency of the AC electric field. 

 
Fig. 4.  Dependence of the Coulomb force integrated over the 

segment on the frequency of the AC electric field. 
 

 
 

Fig. 5.  Time course of the net velocity during one period of the 
stable periodic regime, f = 100 Hz, h = 5 m. 
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 The time-averaged net velocity is approximately 
equal to 800 m s-1 for f = 100 Hz and h = 5 m, see Fig. 
2. During one cycle of the electric signal, the velocity 
dramatically changes, Fig. 5. The instantaneous net 
velocity varies in the interval from –600 m s-1 to +2300 
m s-1. It would be useful to plot the velocity field in 
selected phases of the applied electric signal, Fig. 6. Due 
to the independency of the Coulomb force on the electric 
field polarity, we can study the electroosmotic flow only 
in one half of the electric field period. 

 For  = 90 or 120 degrees, it is possible to see the 
“fluid conveyor belt” pattern of the electrolyte flow [8, 9]. 
The counter-rotating eddies are immersed between the 
electrode steps and do not substantially inhibit the net 
velocity. The horizontal velocity can locally attain the 
value 10 mm s-1 at electrode edges. Completely 
different flow pattern is obtained for  = 60 degrees, i.e. 
in the phase when the net velocity is negative. Here, the 
electrolyte flows around the electrode steps in the 
opposite direction. The local horizontal Coulomb force 
attains the highest value at the electrode edges that are 
immersed between the electrode steps. So the counter-
rotating eddies are dominant and the flow reversal is 
observed. A similar mechanism can be responsible for 
the flow reversal found in co-planar AC electroosmotic 
systems, e.g. [7, 21]. 
 
 

IV.  CONCLUSION 

 
 We developed a non-equilibrium mathematical 

model of the AC electroosmosis in microfluidic systems. 
The model was tested on a particular system that contains 
a set of non-planar electrodes. We computed selected 
frequency characteristics of the proposed micropump. 
We were able to localize the net velocity maxima. Our 
findings are in qualitative agreement with the reported 
experimental and theoretical data [8-11]. However, there 
are remarkable quantitative discrepancies especially 
between the predictions of the equilibrium models using 
the capacitor-resistor boundary condition and our non-
equilibrium model. The discrepancies result from the 
oversimplifications of the equilibrium model (the 
linearization of the Poisson-Boltzmann equation, the 
assumption of the Boltzmann distribution of the electric 
charge in high frequency regimes, the assumption of the 
one-dimensional electric double layers etc.) and also 
from the errors of numerical approximations (especially 
for the non-equilibrium model). 

We believe that the developed mathematical model 
can be useful for analysis of electro-transport phenomena 
in the AC electroosmotic systems and that its predictions 
are more realistic than those given by the simple 
capacitor-resistor approaches. 
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Fig. 6.  The velocity field in various phases of the electric signal . 
The color scale represents local values of the horizontal velocity in [m s-1], f = 100 Hz, h = 5 m. 
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